1 Φ The question of the continuity of the coefficient functional associated with series bases has attracted the attention of several writers (for example Banach [3] , p. 110, Newns [9] ). Continuity was established by Banach for Banach spaces, by Newns for Frechet spaces. The object of this paper is to extend these results in two ways. In the first place, we aim to replace Frechet spaces by certain inductive limits of these. In the second place, we wish to replace the concept of series bases (discrete case) by that of integral bases (continuous case). The latter extension seems worthwhile inasmuch as it is the situation presented, for example, by continuous-spectrum eigenfunction expansions; the U Fourier transform theory presents the simplest instance. Such examples indicate further that one should allow the basis elements to be chosen from a space larger than that formed by the elements admitting an expansion in terms of the basis elements.
Thus the situation will be roughly as follows. F will be a separated locally convex space, E a vector subspace of F endowed with its own topology finer than that induced by the topology of F. T will be a locally compact space, and the basis elements will be the values of a function u :t-+ u(t) mapping T into F. We shall admit a representation of each x in E as some sort of integral I u(t)dμ{t), where μ is a measure (i.e. a Radon measure on Γ) depending upon x. It is too much to ask that this integral be weakly absolutely convergent: to demand this would be to exclude at the outset the original case of series bases. Instead, one will take a fixed increasing sequence (K n ) of compact subsets of T
and interpret I u(t)dμ(t) as the limit, in E, of the integrals 1 u(t)dμ(t).
(One might even "sum" the integral by a fixed sequence of "summation factors": such a modification would not require any essential change in the arguments to follow, and we shall not dwell further on this point.) The simpler case of weakly absolutely expansions will be dealt with in §5. In any case, the interpretation of the integral having been decided, we assume that μ lies in some topological vector space M of measures, and then examine when μ depends continuously on x. By analogy with the series case, this continuity of μ may be described by saying that u defines a Schauder integral basis in E.
All the hypotheses roughly described above require elaboration, and this will be undertaken in §2.
Our main result, Theorem 1, succeeds in extending the Banach-Newns Theorem in one of several possible natural ways. Another variation is given in Theorem 2, where the series prototype is a weak absolute basis. Theorem 3 deals with what may be called weak Schauder integral bases.
Elaboration of the hypotheses,
(A) Throughout the entire paper E and F are related in the manner described in §1. Moreover, we shall always assume that E is an inductive limit of Frechet spaces. In its widest sense we shall interpret this in the following way (cf. [4] , p. 61 et seq): there is a family {E Λ ) of Frechet spaces and linear maps φ a : E Λ -+Έ such that the topology <& of E is the finest locally convex topology on E for which each φ Λ is continuous. If each E a is a vector subspace of E and φ Λ is the injection map of E Λ into E, we speak of an "internal" inductive limit; the continuity requirement then means that c^\ E cύ < ^ for each α, where r <C is the topology on E a . Following a referee's suggestion, we have limited the statement of Theorem 1 to the case in which E is a strict inductive limit of Frechet spaces, even though the theorem holds for more general spaces. Regarding this, see the proof of Theorem 1 and subsequent remarks in §4.
(B) Throughout the paper M is to be a vector space of (Radon) measures (on T). M is assumed to be a locally convex space, but the precise conditions will vary.
(C) Concerning integrals. F and E are visualised as imbedded in JF'*. (For any vector space G, G* denotes the algebraic dual of G; for any topological vector space G, G' denotes the topological dual of G.) Let μ be a measure, K a /^-measurable subset of T, and y :t->y(t) a function mapping K into F. The WF-(=weak-F) All the integrals appearing in (I)-(III) are to be WF-integrals. The hypotheses (I)-(III) formulate in precise terms one of several possible senses in which the mapping u may be said to generate an integral basis for the space E. Unlike the case of series bases, the ambient space F appears in a relatively important role; the series case is discussed in §7.
3, The main theorem. This amounts to a more-or-less direct analogue and extension of the Banach-Newns Theorem. THEOREM I. 3 
Suppose that E is the strict inductive limit of Frechet spaces Έ^ that conditions (I)-(III) hold, and that M is a Frechet space. Then:
(i) the mapping X :
Proof. The proof we give is rather lengthy. It is perhaps not the shortest possible, but it is thought to be more illuminating than the alternatives considered. We give first an outline of the main steps.
The idea is to define vector subspaces G Λ of E, and to equip each G a with a topology g^ which makes G a into a Frechet space in such a way that E -XJ^G^ and ^ is the inductive limit of the gζ. These G^ will, when compared with the E a , have the advantage that 800 R. E. EDWARDS the ^-continuity of X\G Λ : G Λ -> M, and the S^-equicontinuity of the s n IG Λ : G a -• i?, are both obvious because of the way in which the G Λ are chosen. Then (i) and (ii) will follow immediately, For example, given any convex neighbourhood V of 0 in E, the set U of x in E, such that 8 n (x) e V for all n, is convex and will have the property that UπGa is a neighbourhood of 0 in G Λ (by equicontinuity of the s n \G a ); hence U will be a neighbourhood of 0 in E, and (ii) will be established.
(Alternatively: continuity of s n \G a for a fixed w and all a implies the continuity of s n ; the s n are point wise bounded, and E is a ί-space, and so their equicontinuity follows ([5] , p. 27, Theoreme 2).)
Before proceeding to the details, we wish to recall two properties of strict inductive limits of Frechet spaces which contribute essentially to the arguments, namely:
(1) ^\Ea = ίζ, so that each E ω is closed in E; (2) each bounded subset of E is bounded in E a , for some a depending on the set in question. Now these imply in particular the properties (A1)-(A3) below, denoted collectively by (A*):
(Al) E is the internal inductive limit of a countable increasing directed family (E a 
is bounded in E^ and Cauchy in E, then it is convergent in E to some x e E^ and p a (x) < Sup w p Λ (x n ) holds for each pô
f a defining family of seminorms for ^. Inspection of the proof shows that (A1)-(A3) suffice to ensure the the validity of Theorem 1. There are some familiar spaces (spaces of functions holomorphic on a closed set, for example) which satisfy (A*) without being strict inductive limits of Frechet spaces. For further remarks, see §4.
We now proceed to the details of the proof of Theorem 1.
(a) Definition of G ω and & am We define G a to be the vector subspace of E formed of those x for which the s n (x)(n = 1, 2, •) form a ^-bounded subset of E Λ .
By (Al) and (III), G Λ <zE Λ ; and by (A2), E = U* G a . We shall topologize G Λ as follows: Let p a , r (r = 1, 2, •) be a system of seminorms defining ^, chosen so that each satisfies (A3); and let q r (r = 1, 2, •) be a system of seminorms defining the topology of M. The new topology gζ on G a shall then be defined by the seminorms
It is also easily seen that (α 2 ) 2£ α c £7 β implies G α c G β and 5$ | G« < gς .
(b) ^-completeness of G a . Let (α^) be a fϊζ-Cauchy sequence in G α and put temporarily // 4 = μ H -X(Xi).
Reference to (1) shows that {μ t ) is Cauchy in M and so μ = lim^ /i 4 exists in Λf. At the same time, (1) gives for each r:
where lim M _oo ε a>rΛιj = 0; in (2) It remains to show that the injection map θ of E a into G β is continuous, i.e. that θ is closed. But this is very easy.
(d) & is the inductive limit of the S*. Let <& denote the inductive limit of the Sζ. Recall that to say that ^ (resp. ^) is the inductive limit of the ^ (resp. the ^), signifies that <& (resp. ^) is the finest locally convex topology on E such that for each a ^\E a < ( resp. ^\G Λ < gζ). This being so, since <t?\G a < gζ|G Λ <^, by (a x ) 9 we see that <if < gf. On the other hand, given a we choose β as in (6) . Then, since S^|G β < 5f β , one has ^ | JS7 Λ -(%?\G β )\E a < S? β \E Λ < K (by (6)), there follows & > &. Thus ^ = Sf, as was to be proved.
This completes the proof of Theorem 1.
4* Comments on Theorem l
(1) There is no difficulty in removing from (III) the demand that μ be uniquely determined by x 9 provided one assumes in return that the set M o of μ in M, for whicĥ lim I udμ = 0 , is closed in M. One would then replace M by the quotient MIM 09 which would still be Frechet space.
(2) If one is dealing with series bases, (ii) will normally be a trivial consequence of (i): for (see §7) (i) will normally imply the continuity of the associated coefficient functional φ n , and s n (x) is just the finite partial sum Σ w < w φjix)^.
Continuity of each s n is thus made plain, and the rest of (ii) follows as before. (3) In view of the direct proof of Theorem 2 to follow, and the fact that the Closed Graph Theorem is applicable to maps of E into M (see Appendix 4) , it is natural to consider whether one could not simplify the proof of Theorem 1 by showing rapidly that X is closed. The difficulty in showing the closed character of X is, however, only removed after equicontinuity of the s n has been established . . . though the fact that E is a ί-space reduces this preliminary task to that of proving the continuity of each s n individually. (4) We append a few remarks concerning conditions (A*). (i) (A1)-(A3) are satisfied if E is the strict (internal) inductive limit of the E a . (This category of spaces includes the (Li^-spaces of Dieudonne and Schwartz ([61, and the closed unit ball B ω of E Λ having a ίί-closure which is a 8^-bounded subset of E a . See Appendix 2.
5. The case of weakly absolutely convergent integrals* Hitherto we have expressly avoided the assumption that a representation x -5 udμ holds for each x in E, the integral being a TF-F-integral. In the T series case, this assumption leads to the investigation of weak absolute bases; see §7. We shall now impose this condition and correspondingly modify other hypotheses of the groups (A*) and (D). The result will be a much more direct proof of the conclusion of Theorem 1 which, moreover, will apply to more general spaces E and M.
In place of (A*), it will suffice to assume that E is a perfectly general external inductive limit of Frechet spaces (as in the opening paragraph of §2). As for M, it will be enough to assume that it is an external inductive limit of a sequence of Frechet spaces M n and maps X n : M n -> M(n = 1, 2, •) such that M = \J n X n (M n ): we shall describe this situation by saying that M satisfies condition (2?'), Conditions (I)-(III) are to be modified thus; The conclusion is that the mapping X : x -> μ x is continuous from E into M.
( Γ ) I u(t)dμ(t) e F for each μ in M.
Proof. The spaces E and M are of such a type that the Closed Graph Theorem is applicable: regarding this point, see Appendix 4. Thus it suffices to show that X is closed. This is almost trivial: suppose that a directed family (x t ) converges to 0 in E, and that the directed family (μ.) == (μ Xi ) converges to μ in M. It must be shown that μ is necessarily 0. But, for each y' in S, (IV) yields 0 = lim <x t , y fS ) = lim I (u, y t ydμ i = \ ζu, y'ydμ .
JT JT
By (Γ), \ udμ belongs to F; so, since S separates points of F, it follows JT that I udμ = 0. The uniqueness part of (ΠΓ) then forces μ to be 0, which was to be proved.
Concerning weak Schauder integral bases
We shall now consider what can be said if we know in advance that X : x -> μ x is continuous, whilst (III) is replaced by the requirement that s n (x) -> x weakly in E. THEOREM 
Assume that E is a space of the type described by (£>' ) ( §5), that M is an arbitrary topological vector space of measures on T, and that one has a continuous linear mapping X : x -+ μ x of E into M such that for x in E the sequence of WF-integrals s n (x) = f u(t)dμ x (t) is bounded in E. Assume finally that (II) holds. The conclusion is that the maps s n : E -+ E are equicontinuous, and that the set E o , formed of those x in E for which the sequence (s n (x)) is Cauchy in E, forms a closed vector subspace of E.
Proofs It is clear that E Q is a vector subspace of E. The closed character of E o will follow from the equicontinuity of the maps s n . Since E is a ί-space, and since the s n are given to be continuous and bounded at each point, equicontinuity follows from the continuity of each s n ([5] , p. 27, Theoreme 2). Finally, continuity of s n will, thanks to our hypotheses on E, be ensured when it is known to be closed (Appendix 4 once again). Suppose that a directed family x t -» 0 in E and s n (x t ) -> x in E. Then μ x . -> 0 in M and so, by (II), y r in S entails that ζx, y'} = lim <s n (x t ) 9 
Consequently, x = 0. This establishes the claim that s n is closed, and so completes the proof. From Theorem 3 we can derive a property of what may be termed weak Schauder integral bases.
COROLLARY.
Assume that E and M are as in Theorem 3, and The conclusion is that lim^^o, s n (x) in the sense of the initial topology ^f of E.
REMARK. The main hypothesis amounts to the requirement that the basis elements u(t) (t e T) form a Schauder integral basis for the weak topology, and the conclusion is that they form a basis of the same type for the initial topology.
Proof. Weak convergence of the s n (x) implies pointwise boundedness of the maps s n . Moreover, if a sequence in E is weakly convergent and also ^Cauchy, then it is ^convergent to the same limit. (There exists always a base of ^neighbourhoods of 0 which are weakly closed.) In view of Theorem 3, therefore, it suffices to show that E Q is c^d ense in E. Since E o is a vector subspace of E, the ^closure of E o coincides with its weak closure (Hahn-Banach Theorem), so that it is certainly enough to show that x* = s m (x) belongs to E o whenever x e E and m = 1, 2, . However, if μ -χ κ μ x and n> m, we have
By hypothesis, μe M; so uniqueness shows that μ -μ x . Thus s n (x*) = x* for n > m and, a fortiori, s n (x*) -> x* for <^T J57 O therefore contains #*, as was to be proved.
7. The series case* Since many of the hypotheses simplify in the series case, it merits separate attention.
T will now be the set N of natural numbers. We make the normal (but not obligatory) choice for K n , namely the interval {1,2, * ,w} of N. u is simply a sequence (u n ) nEN of elements of F, and M is a topological vector space of scalar sequences μ = (μ{ri)) neN .
For Theorems 1 stnd 3 (but not for Theorem 2), the normal choice of M will be the vector space f N of all scalar sequences (/ the real or complex field of scalars), and a natural topology will be that of pointwise convergence, which choice makes M -f N a Frechet space. We shall in any case assume for simplicity that the topology of M is at least as fine as that of pointwise convergence. s n (x) is just the finite sum Σm<n μ{m)u mJ where μ(m) = μ x (m) = φ m {x) and ψ m e 1?*. The assumption that s n {x) e E for all n entails that φ n (x) = 0 whenever u n $ E. So there is no real loss of generality in assuming from the outset that each u n belongs to E, and the role of F is really reduced to the part it plays in interpreting the convergence of infinite sums; in the applications of Theorems 1 and 3, the role is entirely negligible.
With there remarks in mind, we proceed to summarise the applications of Theorems 1, 2 and 3 to the series case.
Application of Theorem 1. We take M -f N with the aforesaid topology of pointwise convergence. We derive from Theorem 1 the conclusion: If E satisfies (A1)-(A3), and if (u n ) is a basis in E, then the associated coefficient functionals φ n are continuous, i.e. φ n e E' for each n. This result appears essentially as Theorem 12 of [1] ; it constitutes an extension of the Banach-Newns Theorem.
Application of Theorem 2. We assume here that E is a perfectly general inductive limit of Frechet spaces, and that M satisfies (B') of §5. It is supposed in addition that the series Σ^nβN \K n ) (u™ 2/' >l < + °°> and that the series Σ™e^/ΦΦ^ is σ(F, ,F')-convergent, whenever μeM and y' e F'; and that the coefficient functionals <p n e E* are such that the sequences n -• φ n (x)(x e E) belong to M, the series Σ»ejχr <P»(#)w w being σ(F, ^-convergent to x for each x in E. The conclusion is again that each φ n e E', When F is taken to be identical with E (as a topological vector space), we are dealing with the situation in which (u n ) is a weak absolute basis in E.
N
Application of Theorem 3, Corollary. Here we take again M = f and suppose that E satisfies (B r ) of §5. The coefficient functionals ψ n are assumed at the outset to be continuous. The main hypothesis is that S n (x) = Σ ΦmWUm ~* % weakly in E, so that (u n ) is a weak Schauder basis in E. The conclusion is that (u n ) is a Schauder basis for the initial topology of E. However, for series bases this conclusion is in fact valid whenever E is a ί-space, and the proof may be effected much more directly in this case ( [1] , Theorem 11; and the footnote to Theorem 3).
8 Dual bases* In the series case, if (u n ) is a Schauder basis (or merely a weak Schauder basis), we can choose a system of coefficient functionals φ n eE f such that (u n ) and (φ n ) are biorthogonal, whilst the expansion x = Σ <Pn(x)u n n shows that (φ n ) is a weak Schauder basis in E': %' = Σ <X, X'> Ψn , the series being weakly convergent for each x' in E f . It is natural to consider the analogous situation for integral bases. Here, of course, the situation is inevitably more complicated.
Given that u defines a weak Schauder integral basis, one can under suitable conditions define an E '-valued measure u' on T by the requirement that
